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Abstract. We set out the effective Hamiltonian associated with the application of perturbations
such as stress to ions in surroundings of cubic or tetrahedral symmetry that are subject to a T®
Jahn—Teller interaction. The first- and second-order Ham factors that appear as parameters in
this effective Hamiltonian are calenfated by a numerical method, and checked by approximate
analytical methods in the limits of strong and weak coupling. The results are corapared with those
produced by an approximate analyiical method by Jamita and co-workers. Some discrepancies
are found.

1. Introduction

The use of an effective Hamiltonian to summarize the effect of a variety of perturbations
when measurements can only be made within a set of states has a long history as a meeting
place for theory and experiment. The most general form of the effective Hamiltonian can
usually be expressed in terms of a limited number of symmetry-related parameters; the
determination of this set of parameters represents all the information that can be obtained
experimentally about the system, and their calculation can be taken as the target of a
theoretical investigation.

The reduction or ‘Ham’ factors considered here are such a set of effective Hamiltonian
parameters, and they express the way a perturbation that acts on a set of electronic states that
are subject to a Jahn—Teller interaction appears in the vibronic ground states. The first-order
Ham factors are the same as the reduced matrix elements associated with an application of
the Wigner—Ekart theorem within the ground states, and can be defined in an unambigoous
manner in terms of a simple ratio of matrix elements. The second-order Ham factors are
designed to cope with the effects that come in by taking the perturbation to second order.
All these Ham factors can be most economically defined if the effective Hamiltonian is set
out as a set of symmetrized products of operators, and the way that this works out will be
shown in the following sections. There is a general problem with the second-order Ham
factors in choosing the normalization, and we shall define the choice made here by reference
to the set of matrices (1) in terms of which the effective Hamiltonians will be written out.

The particular Ham factors calculated here are those which would be associated with
any real perturbation such as a stress field acting on the T-type triplet electronic ground
states of an ion that is originally at a position of cubic or tetrahedral symmetry in a crystal,
and that is subject to a Jahn-Teller interaction with a set of T>-type vibrations. These effects
are analysed in terms of a set of operators acting within the vibronic T-type triplet with
symmetries matching the A,, E and T representations of the cubic or tetrahedral group. A
general theory of how these operators should be defined self-consistently in terms of their
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group-theoretical properties has been set out by Polinger and co-workers [1], and this theory
has been used by Jamila and co-workers [2] in an analytic method to get approximate values
of these second-order Ham factors. In this work we use a numerical method that should,
if used carefully, give results that are as exact as necessary. In contrast to [1] we define
all our operators in terms of a single set of matrices given in the next section. We hope
that this will make the resuits given here usable without reference back to other papers for
definitions. As we go along we shall point out where we agree and disagree with [2].

The numerical method used in the work reported here is the same as that used in a
previous work of this kind [3: we diagonalize a Jahn-Teller Hamiltonian that includes
varying small amounts of a carefully selected perturbation and fit the lowest energies to
a polynomial in the perturbation strength. Although this sounds clumsy, it is a fast and
efficient process because only the few lowest roots of the very large matrices are required,
and these roots naturally appear first in the iterative process.

‘We should make a remark about the notation used here and elsewhere. The whole of
what follows applies equally to T; and T electronic states, but the vibrational modes and
stress operators have to belong to T representations of the cubic or tetrahedral group. This
is why we label the electronic states T and not T;. The lowest vibronic state is of the same
symmetry as the electronic state, and the lowest excited state is A; or As according as the
electronic state is T, or T.

2. The effective Hamiltonian in T ®m

Within a set of three real basis states, the matrix elements of any real operator can be written
as a linear combination of the following six matrices:

0O 0 0 0 ¢ 1 010
Tg———(o 0 1) 'L",,=(0 0 0) Tg:(l 0 0)
010 1 0 0O 0 00

1
1o o -£ 0 0 100 o
€ = O% 0 € = 0 +€ 0 a=(0 1 0)
0 0 -t o 0 0 00 1

and consequently any effective Hamiltonian for any number of real operators can be wriften
as a linear combination of these six matrices. These matrices have been chosen in a standard
way to represent the effect of operators of Ty, E and A, symmetry, and this choice also
makes clear why no effective operators of other symmetry need be included in the effective
Hamiltonian for a real perturbation,

The Hamiltonian of a system undergoing a T ® 15 Jahn—Teller interaction can be written
in terms of these matrices as Ay - Hir:

Hiy = —k(Xze + Y5, + Z7) o))

where X, Y and Z are the coordinates of a three-dimensional harmonic oscillator, and the

bases are three electronic states of Ty or T, symmetry; Heyp is just the Hamiltonian of a

three-dimensional harmonic oscillator, chosen with units such that fi@ = 1 and the potential
energy term is 2(X2 4 ¥2 4 Z2)
5 .

The perturbation produced as the effect of stress will itself be a linear combination of

these six operators, operating in the electronic basis, so in order to get a self-consistent form
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for the second-order terms in the effective Hamiltonian we need the following information
about the products of these matrices:

€9 = E.6. — €g€p € = 2¢g€, O = €.€. + €p€q

Ty =T (—e + ‘\/gée) Ty = Ty(—€p ""“/-3‘66) T =276 (3)
Ty =Tyl + e Ty =TT + T;T; Ty =TTy -+ Ty T

€ =1; — 3(tF+17) € = %3-('552 —77) a =507 + 75 + 7).

These equations reflect the fact that the matrices are classified according to irreducible
representations of the cubic group, and that the product representations are

E®E=E+A; +[A;]
E@T=Ti+T: 4)
T.@Ty=A+E4+[T]+ T2

where the square brackets indicate antisymmetric products that disappear when the operators
classified by the two copies of the representation are identical.

3. Effect of E-type perturbations

To do the easiest part first we start by Iooking at E-type operators on their own, Using the
matrices (1), the parameters in the effective Hamiltonian, or Ham factors, are defined in
such a way that if the perturbation in the electronic states is

He = Voo + Veee (5)

then the effect of this perturbation in the threefold-degenerate ground state of the Jahn—
Teller system can be expressed as an effective Hamiltonian written as a 3 % 3 matrix as
follows:

Heg = K B)[Vieo + Veee] + KL B B)(VE - VD)es +2Ve Voee] + KD €, B)(VZ + VDex.

©)
This expression is constructed as a sum of products of symmetrized linear and quadratic
forms in ¥V with matching matrices, as can be seen by comparison with (3). It also reflects

the fact shown in (3) that if the only non-zero perturbation is e-type, then the only second-
order terms are the € and «, and the second-order Ham factors are defined accordingly.

3.1. Numerical calculation

The form of the Hamiltonian (6) shows that all these Ham factors can be calculated by
using Vi alone as a perturbation. We accordingly set up the Hamiltonian

Hvib -+ Hrr + Veéa (7)

in the basis of the uncoupled electron and vibrational states, and find the energies of the
ground states numerically for a range of smalt values of V. It can be seen that with this
choice the effective Hamiltonian (6) is

Hetr = K B)[Voes] + K& €, BI(-VDes] + KD E, BYVDex @®)
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with the two eigenvalues

& =KPE BV + UKE®V — kP € BV

& =KQE BV - [KEVs — kP E BV ®
The energies of the two lowest eigenvalues of (7) are fitted to a polynomial in V, and the
coefficients of first- and second-order terms picked out. The values of the second-order Ham
factors, found by matching these coefficients to those in (9), are shown plotted as functions
of & in figure 1. If we compare these with figure 1 of [2] the most obvious difference is
that our calculated Kg)(E, E) goes through zero. The general shape of Kf!)(B, E) matches
quite well; we shall compare the magnitudes in section 6.

1
0.05
0 . — 0.8
(2)
-0.05 <= K (B.E)
= ; 0.6
-0.1 <-=R{E)}
0.15 0.4
(2}
-0.2 <== K (E,E) 0.2
2 )
-0.25; (a)
0.5 1 1.5 2 ==& s m0 0.5 1 1.5 2z 2.5 3
kK =-> - k -->

Figure 1. (a) Plots of the second-order Ham factors Kf'f(E. E) and Kg) (E,E) against the
Jaho-Teller coupling strength k. (&) A plot of the first-order Ham factor X (E) against k.

These numerical results can also be compared with predictions for large and small &
that can be made analytically, as shown in the following sections.
3.2, Weak coupling

When k& <« 1 the second-order terms can be found using second-order perfurbation theory.
For this calculation the Hamiltonian Hyr only need be applied to first order in % to the
uncoupled product states to get all the terms up to X2V in the perturbation. If we use the
notation |i; 711, 112, 3} to represent a product of the electronic state [{} ({ = 1,2,3) with a
vibrational state with n; type-1 phonons, ny type-2 phonons and n3 type-3 phonons, then
the three ground states, taken to first order in %, can be written

1) =11;0,0, 0y — 5k]2; 0,0, 1) — 5:k[3; 0, 1, 0)
12) = [2:0,0,0) — J3k[3: 1,0, 0) — 5k{1; 0,0, 1) (10)
13) = 13;0,0,0) — 5k11; 0, 1,0) — J;k12; 1,0, 0)

remembering that the phonon energy is just one with the scaling being used here.
The matrix of the perturbation Vpe, acting within these ground states is

(1 — 3%*)Vees 11)
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giving the well known result
KE)y~1- 1K (12)

For the second-order Ham factors we need to note that the perturbation Vyep couples the
ground states to excited states as follows:

[1} — [3;0, 1,0} + k(15 0,0,0) + - --
12} > 13;1,0,0) + J5k[2;0,0,0) + - - (i3)
% [1; 0, 1,0) + —313; 0,0,0) +---
am—p
12;1,0,0) + ﬁk[S;0,0,0} -

The result of applying the perturbation to second order is a matrix of second-order
perturbations that can be written

— GWVikP o + 3)VikPe (14)
so that

EPEB) ~ - kP E By~ -Gk (15)
to order k2. These results do indeed fit with our numerical caléulatiom.

3.3. Strong coupling

For strong coupling we use the adiabatic approximation, and think of the system as
moving on an adiabatic potential energy surface (APES). In this system there are three
APES corresponding to the three roots of the Hamiltonian 1(X? + ¥? + Z?%) + Hir. The
lowest root of this Hamiltonian gives the energy of the lowest APES as a function of X, ¥
and Z. The lowest APES has four minima of equal energy along four of the eight (111)
directions in (X, ¥, Z) space with saddle points between them along (100) directions. The
states of lowest energy have to be those in which the wavefunction is concentrated at the
four minima, giving rise to a set of four ground states: a T triplet with an A singlet Iying
a little higher. The reduction factors we are concerned with are within the triplet. All this
is well established.

As the reference point moves over an APES the electronic state changes, and the four
electronic bases at the four minima are just

L1 1L~ S(-L1,-1D 5(-1L,-L1). (16)

(The similarity between these sets of bases and the sets of (X, ¥, Z) at the same minima is an
example of the symmetry principles discussed by Ceulemans [4].) Clearly, the expectation
value of the operator €5 in these electronic states is zero at each of these minima, leading
to an asymptotic value X (E) — 0 at strong coupling.

For the second-order Ham factors we must Iook at coupling with various excited states,
and we need a more general form. of the electronic base. We assume that at a general point
of the lowest adiabatic surface it can be written in terms of the three original electronic
basis states (the bases for (2)) as

(sinf cos ¢, sinf sin ¢, cos &) (17)
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and if we assume that this point is in the neighbourhood of a minimum on that surface there
will be two electronic states orthogonal to this one on two coincident APES at an energy
2k* higher up. If a perturbation Vpep is applied then the cross terms between the APES
produce a second-order periurbation in the ground state of —2V; cos? 6 sin® 6/2k?, where
the assumption is made that the matrix elements for the second-order perturbation must
apply to ‘vertical’ transitions in the vibrational phase space.

Now at strong coupling all the minima in the lowest potential energy surface ocour
at cos?8 = 1/3 as we saw above, and as the three basis states only differ by differences
of sign at these points, they will all have the same secoud-order comection to fhe energy
Consequently, we only get a non-zero contribution to K¢ AL (E, E) out of this, KE (E E)
is zero as far as this part of the calculation is concerned. Substituting into (6) gives a
contribution to K m(E E) of —1/4k2.

Next we must look at contributions to the perturbation from within the lowest adiabatic
potential energy sheet. To get these we need to know the form of Hyr near the minima. A
suitable basis transformation to the minimum at (1, 1,1) in (X, ¥, Z) space gives

o

Hr=k| 55X HZ+Hx -5V (18)
1 2 1 2
5 Ly L7 -Zx

where (X', ¥/, Z') are rotated from (X, ¥, Z) with Z' along the (111) direction. With this
same choice of basis we get

0 5 O
Eg=(712- -1 0). (19)
o o I

Now in strong coupling we have Z' = 2k/./3, which is large, so allowing for admixtures
to the ground state proportional to X'/Z’ and Y'/Z’ we find that the expectation value of
€z in the lowest APES around the (111) well is

V2 X

(eo) ™ 5 (20)
which is then put into the vibronic states to give the second-order Ham factor. The operator
X' connects the lowest state in the (111) well with the first excited state in that same
well, and in finding the matrix element we must remember that the restoring force in the
(X', Y") plane is 2/3 of that in the Z direction. Bearing this in mind we get a second-order
perturbation of the ground state of — V2/8k2 which leads to a contribution to K& At (E, E)
of —1/8%2, and as this is the same in all the wells in the lowest potential energy surface,
the contribution to X m(E, E) is again zero. Adding the contributions from inter- and
intra-energy surface terms we finally find

K@ B~ —-éi—z - 1)

to order 1/k%. We tested this by extending the numerical calculation to values of k between
3 and 4, and found by extrapolation

KD (E,B) > (—0375 £0. 005) e (22)
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which is consistent with the analytical result.

There now arises the question of what we can say about Kéz)(E, E) and K (E) at strong
coupling. K,(f)(E, E) has no term of order 1/k* and the numerical results support this
conciusion, but the numerical results also indicate a change of sign between weak and
strong coupling that is worth investigating. This reduction factor is going to depend on
the differences between the expectation value of € in the three components of the ground
triplet, which will have to be found by looking at the saddle points between the minima
in the lowest APES. These saddle points occur along (100), (010) and (001) in (X, Y, Z)
space, and transforming to the electronic bases for the three APES we get

10 0

g=[0 1 0 2%)
00 -1

along (001), and

-4 0 3

e={ 0 1 0 (24)
i o0 =1
4 i

along (100) and (010), where the first basis corresponds to the lowest APES in each case,
and the other two are in order of ascending energy.

The best guess for the amplitude of the wavefunctions on these saddle points is
the same guess as one uses to find the tunneling splitting: that this amplitude goes as
exp(—ck?) for some positive number ¢. More important than the actual amplitude is
the fact that the different components of the ground triplet have this amplitude non-zero
on different saddle points, which is all that differentiates these different components in
strong coupling. Specifically, the first (T,) basis is non-zero on (010) and (001), the
second (Ty) basis is non-zero on (101) and (001), while the third (T.) basis is non-
zero on (100) and (010). Consequently, within the triplet ground state (Tx,Ty,T;),
{ea) o (% - %, % - %, —-}; — % = 71, %, —%), which shows that K(E) is very small and
positive at strong coupling, as has been found to be the case.

To get the confribution to the second-order perturbation we have to pick out those
contributions that derive predominantly from different parts of the vibronic wavefunction
at strong coupling. To do this we make the usual assumption, based on considerations of
WKB-type solutions of the Schrodinger equation, that the main overlap from the ground
state is to states at the energy reached by a ‘vertical transition® from this particular part
of the vibronic ground state. This gives the energy denominator for any particular second-
order term as the energy of the appropriate APES at that place. We also remark that, once
clear of the ground state, the densify of vibronic states becomes large. This is because the
vibrational space has three dimensions instead of the usuval single dimension. Becanse of
this it is reasonable to suppose that linear combinations of states can be constructed that
are localized in vibrational space and reached by a ‘vertical transition’ so that a sum rule
can be used locally, and contributions from different parts of that space to a second-order
perturbation can be evaluated separately and added to each other.

Next we desciibe the energy levels at the saddle points. The three APES are equally
spaced at an energy k° apart, and the lowest APES is at the saddle point energy of -é-kz above
the minima. We now refer to (23) and (24) for the coupling terms, which derive from (63).
The intra-sheet coupling terin comes from squaring diagonal elements, ie. it is (-115, -113, -}_)
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on the saddle points, or (3, <, %) in the triplet ground state. This will come in with an
energy denominator -k2 when it is put into a second-order perturbation The intcr-sheet

couplmg comes from the only off-diagonal element in (24) and is (0, 5 16) or (16, e 16)
in the friplet ground state. The energy denominator for this second-order perturbation will
be (2 + 1/6)k2%.

It seems not to be possible to get any more numbers into this, but what is clear from
the preceding paragraph is that the intra- and inter-sheet contributions to Kéz) (E,E) are

of opposite signs; in fact K )(E,E) is positive if the intra-sheet coupling dominates, and
negative if the inter-sheet coupling wins, Thus agreement with the numerical results at
strong coupling is seen to be possible as long as the intra-sheet coupling is included.

The difference in the strong-coupling behaviour of these second-order Ham factors can
be seen qualitatively in figure 1. It can also be seen in figure 1 of [2] (equation (4.3) of
this reference is in error in showing KE (E,E) as varying asymptotically as 1/%2 [5]).

4. Effect of T»-type perturbations

A general Tp-type perturbation in the électronic triplet states can be written

Hr = VgT,;: + V,,r,, + V,;T; (2»5)
and with this perturbation the effective Hamiltonian in the ground states is
Hgﬁ' £ K(’I')(ngg + Vnﬁ? + V;‘L’;)

+ KE’(T THIVZ — 2(V2 + VDleo + L(VE ~ VDee)

EQ(T, DEVE + V2 + Vo]

+ K.f.? (T, DRV, V; T + 2V, Vg, + 2Vi Vo). (26)
As before, setting out A like this serves to define the normalization of the second-order
factors as well as explicitly showing their symmetry-related properties.
4.1. Numerical results with and without the A state

Clearly, a simple choice of perturbation is obtained by taking only one of the V to be
non-zero, so we set up the Hamiltonian

Hap + Hyr + Vo7 @n
so that the effective Hamiltonian (26} becomes
Her = K(D(Ve) + K (T, DIV + KL, TRVl (28)
Written oot explicitly in matrix form, this effective Hamiltonian is
[(KP(T, T)V} KMV, 0
Ka) (T T)Z VZ]
XY [KE (T, TV} 0
= 29
e +K§23(T, T)}V2 (29)
0 0 [—2KP(T, T)VE

+K (T, DIV
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-

and the eigenvalues are

E12= KR DV} + KT, DIV £ K(DV;

& =2k, DV + KQ (T, DIVE €0
The ground triplet thus splits into three, and by fitting the three calculated energies of the
three lowest eigenstates to polynomials in V7, we are able to pick out X (T) and the two
second-order Ham factors, which are plotted as functions of k in figure 2. These second-
order Ham factors are obviously quite unlike K 1E:z)(E, E) and Kﬁ)(E, E) in their behaviour,
being larger and becoming very large at large &, and the reason for this is that in the T® 72
Jahn-Teller system there is a singlet (A) state close above the ground triplet, which becomes
closer as k increases. The 7, operator connects the singlet and triplet states, while the ¢
operator does not, and it is the effect of this interaction that dominates the second-order
perturbation energy. It is not possible to sort out this contribution by studies of the perturbed
energies alone, so instead we calculated the cross matrix element directly by finding the
appropriate eigenstates explicitly, and the result is shown in figure 3. This matrix element,
{A|7;|T;), starts from zero and approaches 2/3 asymptotically as k& becomes large. We also
- plot the quantity {A|7; |T.)%/A, which gives the magnitude of this contribution. Here A is
the splitting between the A and T levels, also found numerically.

1-\1:(-1') /
a.5¢ (2)
<us K (T, T)
o B _
-0.35 (T, T}
T
-1}
-1.5
-2 . .
0.5 1 1.5 2 2.5 3
k —=>

Figure 2. Plots of the second-order Ham factors ng’ (T, T), KT, T) and K (T, T) together
with the first-order Ham factor K(T7) against the Jahn-Teller coupling strength k.

Next, we used the calculated value of this matrix element to remove the effect of the
close level, and found what the KI@ (T, T) would look like without this effect; the resuits
are shown in figure 4. These results look much more like the X, I(‘Z) (E, E), but the plot stops
at a smaller value of k& because of the numerical difficulty of extracting a small difference
between two large numbers reliably. In practical ferms it does not matter in the least that we
cannot extract this latter category of second-order Ham factors, because it is the first type
that represents what would be measured in an experiment. The divergence of this second-
order perturbation also serves as a reminder that when the magnitude of V; becomes at all
comparable with A, then the cross terms must be dealt with exactly, not by perturbation
theory.
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=

1.75¢

2
1.5¢ <alz[T>]
1.25} A

0.75¢} <A|T|T>
0.5}

0.25¢}

0.5 1 1.5 2 2.5 3
k —=>
Figure 3. Plots of A, the splitting between the lowest T and A states, (A|7;|T,), the matrix

element of one stress-like operator between them, and ](Alr;]T,_}lz/ A against the Jahn-Teller
coupling strength k.

-49ar (2)
/ P {T,T)
o i

-0.05

(2)
K (7.7
-0.1f E
-0.15}
-0.2f

-0.25¢

Ik ww»

Figure 4. Plots of the second-order Ham factors K’ (T, T), K (T, T) and K2(T, T) as they
would be if the neighbouring A state were removed,

The calculations done so far have not given us K-f-? (T, T}, and inspection of the form

of Hegr in (26) suggests using the perturbation given by Vi = V, = V; = V/+/3. The
effective Hamiltonian that results is

Hee = KD V(5 + 7 + 7)) + KO Ve + KT, DV + 5+ 7). 6B

2
The eigenvalues of this matrix are
& = KQ(T, DIV - [KMLV + KR (T, DIV
(32)
& = KQ(T, D3V + 2AK MLV + KL (T, DLV

These energies were fitted to polynomials in V as before, and in figures 2 and 4 we plot
the resulting values of this Ham factor with and without the coupling to the A state,
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Because these second-order Ham factors do not tend to zero at large &, we have not
done a calculation directly comparable to the strong-coupling calculation reported in the
previous section, but we have verified the asymptotic value of (A|7;|T;}. We have checked
the weak-coupling case, as described in the next subsection.

The resuits described in this section are different from those of [2] in an important way.
In [2] none of these second-order Ham factors show the divergence that we find, and this is
because these authors do not find a non-zero value of {A]7;|T,} from their calculations [3].

4.2. Weak coupling

For these calculations we shail need not only the ground states at weak coupling (10), but
also the particular linear combination of uncoupled states to which the first excited A state
tends as &£ — 0. This latter state can be identified as

|4) = 4=(11;1,0,0) +12;0,1,0) +13;0,0, 1)) (33)

by comparison with the multiplication table 1. We can now immediately see from (10) and
(33} that

(AT = KAl 3] = |2k, (34)
" For the perturbation V7, the ground states (10) couple to excited states as follows:
|y = 13; 1,0, 0) + %125 0,0,0) +- -

[2') = 13;0, 1, 0) + J5k11; 0,0,0) +--- 35)

, 12:0,1,0) +---
lﬂé{mLam+m.

Applying the perturbation to second order we get the following matrix in the ground states:

-1z 0 0
0 -2 0 |VP=(-2ak’+lek®)V} (36)
0 0 &

so that under weak coupling, to order k*
EQMT)=—42 KT, Ty =+3k% (37)

Next, we extract the effect of the coupling to the A state, and note that the value of the
matrix element {A|z;|T;} tends to ‘/gk at small &, so this term alone produces a matrix of
second-order perturbations of the form

00 O
(0 0 0 )Vg=(—‘;;a1c2+§eak2)vf. (38)
0 0 -3&°

Consequently if the effect of coupling to the A state were removed the remaining second-
order perturbation matrix would have the form

(—fak® — 6k?) V] (39)
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so that we should find that
kPO, D=-8  EPT,T)=-%F (40)

and it is worth noticing that even in weak coupling the effect of coupling to the A state
is sufficient to alter the sign of one of the second-order Ham factors, as it does across the
range, as can be seen by comparing figures 2 and 4.

'A very similar calculation with the perturbation

V(T + 7+ 1) @D

gives us a matrix of second-order perturbations that is

_ %k2 Via— 12 Vi + 7+ 1) including coupling to A states @)
= V0 = HOVA(t + T + 7) with coupling to A states alone
consequently we have

KT, T) ~ 112 including coupling to A states @3

EP(T, Ty~ L2 without coupling to A states.

All of these weak coupling limits have been checked against the numerical resuits that are
shown in the figures, though some of the very small values are hard to disentangle.

4.3. Strong coupling

For the strong coupling limits on K(T») and (A[7;[T,} we must start from the electronic
bases at the four APES minima (16), and note that the expectation values of 7; within these
bases are

2 2
o 44)

W

2
3

The A and T ground states can be written as

A 111 1 &
.| _1{1 1 -1 -1 ®,
T, =301 -1 1 1) %} @ 45
T, 1 -1 -1 1 @

where each @, is a vibronic wavefunction concentrated at an { minimum, Applying the
matrix elements (44) amongst the states (45) then gives the strong coupling results

K(T) =3 (Al |T;) = 2. (46)

These considerations are not new, but seem worth spelling out in this context.
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Figure 5. A plot of the secord-order Ham factor Kg’ (£, T) against k.

5. Effect of E- and T;-type perturbations together

Finally, we must look for the extra second-order Ham factor that appears, if both types of
perturbation act together. The general perturbation must now be written

Hesr = Vo + Ve + Vite + Vo + Vi1 (47

and the effective Hamiltonian will be the sum of those given in (6) and (26) with the addition
of

Mot = RED(E, THVi (= Vo + V3Vo)Ts + Vo (= Vs — V3Vo)t, + 2V Vot ). (48)
To find this final Ham factor we diagonalize the Hamiltonian

Hib + Hyr + Viep + 7¢) (49)
so that we I-lave

Hewr = KENVes) + K (B, B)(—V2es) + KD (E, B)(V?ar)
+ KM+ kg (T DEV2e) + K (T, DG V?e)
+ K2 E, D2V3z). (50)

The eigenvalues of this effective Hamiltonian are
&2 =K@V -KPE BV +2kP T, TV
+ KD E B+ 1XPT, DIV L KMV + kP E, T2V

& =—[KE®V — KL @, BV + 2kP(T, DV
+[KQE E) + 12T, TIV?

&)

from which this last second-order Ham factor caﬁ be extracted without much difficulty. The
" result is plotted in figure 5. Since there is no contribution from the neighbouring singlet
state, this Ham factor tends to zero at large £.
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5.1. Weak coupling

The method of doing this calculation has been fully described. In this case we look for
contributions that are bilinear in Vey and V7, and find a contribution to the matrix of
—3V2k%z;. Consequently, to order k2, we have

KE (B, T) ~ 3k (52)
which agrees with the results in figure 5.

6. Discussion

6.1. Comparison of magnitudes

In [2], equations (5.5) and (5.6) are directly comparable with some of ours, so we use their
table 1 to translate them into terms of our operators. The easiest comparison is using their
case (i) with only E-type operators present. Their (5.5) and (5.6) then become equivalent
to .

HY = VeQres

53
H® = Lk (€, B)(VeQp) e ~ LKL (B, E)(VeQE) . &

This is to be com;zarcd with the Hamiltonian (8) to show that we should double our
Kﬁ)(E, E) and K,s(;z (E,E) to make a proper comparison, in which case the agreement of
Kﬁ)(E, E) is not too bad. The Kg)(E, E) differ in that curs goes through zero.

We next try translating case (i) into our operators, with the result that (5.5) and (5.6)
of [2] become

HD = —%VTQT(TE +h5+%)
H® = 3K D(T, T)(Vr O1)2e + K (T, TH Ve Q1) (% + Ty + )

which is to be compared with the Hamiltonian (31). We find that we must multiply our
K (T, T) by 27/8 and our K2 (T, T) by 1/2 to make the right comparison with figure 2
of [2]. Here the signs match, but it is not possible to make a sensible comparison of
magnitudes because of the divergence at large k.

Finally, we translate case (iii} into our operators, with the following result for (5.5) and

(5.6)

(34)

HO = 1Vg0rep — 3~T/§VTQTT§

(55)
H® = BIKDE, T)Ve Qe Vr Or;.

This is to be compared with the Hamiltonian (50). In this case we have lost some terms,
but if we simply concentrate on the cross term these equations have in common, we find
that our Kg) (E, T) must be multiplied by —2 for comparison. Here the magnitudes agree
but the signs differ.

In practice, minor differences of scale will be relatively unimportant in comparison with
experiment, as it would be hard to estimate absolute values of the V, but differences of sign
may be important. The existence of the cross terms we find between the A and T states
will in any case override everything else except in case (i) above, an E-type perturbation,
and case (i) is where we can make the most unambiguous comparison of results.
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6.2. Other comparisons and verification

Our results cleatly differ in various important ways from those obtained in {2], so we took
trouble to check them. The calculation of Kéz)(E, E) was done independently by each of
us, each using our own computer programme, and we are sure the change of sign takes
place. The divergence of the X 5(‘2)(T! T) we find, and the associated existence of cross terms
between the A and T states, is a real and important difference. We find this effect both in
numerical and analytic calculations, which confirm each other, and believe it to exist.

7. Conclusion

We have obtained a set of parameters for the effective Hamiltonian for use in the ground
triplet when stress is applied to a T @ = Jahn—Teller system, and the effect of the stress
can be treated as a second-order perturbation. The parameters are defined in terms of a set
of matrices that are given explicitly in this paper, so that they should be usable without
any ambiguity about conventions. A number of the results are new, or differ from previous
work, but probably the most important resulf in application to experiments is the dominance
of the coupling between the ground states and the lowest excited state, which happens over
the whole range of coupling strengths. Only in the case of (100) stress is this coupling
absent, and the effects of higher levels appear on their own.
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